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Abstract. Let A = ©igjj^U t> e an excellent homogeneous Noetherian graded 
ring and let M = ® n ^%M n be a finitely generated graded A-module. We 
consider M as a module over Aq and show that the (SjJ-loci of M are open in 
Spec(Ao). In particular, the Cohen-Macaulay locus Uq m = {p E Spec(ylo) I 
Mp is Cohen-Macaulay} is an open subset of Spec(Ao). We also show that 
the (Sfc)-loci on the homogeneous parts M n of M are eventually stable. As 
an application we obtain that for a finitely generated Cohen-Macaulay module 
M over an excellent ring A and for an ideal I C A which is not contained in 
any minimal prime of M the (S^-loci for the modules M/I n M are eventually 
stable. 



INTRODUCTION 

A well-known theorem of Grothendieck states that if M is a finitely generated 
module over an excellent Noetherian ring then for all k € N the (S'fc)-locus of M; 

U Sk (M) = {p e Spec(A) | M p satisfies (S k )} 

is an open subset of Spec(^l). As usual, (Sk) denotes the Serre condition, that is, 
M p satisfies (Sk) if for all q 6 Spec(A) with q C p it holds that: 

depth A (M q ) > min(fc,dim(M q )). 

It also follows that for such modules M the Cohen-Macaulay locus: 

Ucm(M) = {pe Spec(vl) | M p is Cohen-Macaulay} 

is an open subset of Spec (A). 

Let A = (J)„ >0 be Noetherian graded excellent homogeneous ring and M = 
ieZ Mi a finitely generated graded ^4-module. Considered as a module over the 
base ring A , M is a direct sum of finitely generated A -modules. Moreover, if the 
base ring A is local the standard notion of depth is meaningful for the Ag-module 
M and we may consider its (Sfc)-loci: 

Us k (M) = {p e Spec(^o) | Mp satisfies S k } 

where M p denotes the localization of M at the multiplicative set Aq \ p. In this 
paper we prove that under these assumptions the (5 , / : )-loci of the Ao-module M 
are open subsets of Spec(Ao). In particular, the Cohen-Macaulay locus of M (as 
an j4rr m °dule): 

u cm( m ) = {p£ Spec(Ao) | Mp is Cohen-Macaulay} 

is an open subset of Spec(^lo)- 
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The proof follows the main ideas of Grothendieck's proof. It is, however, not 
merely a copy of the proof in EGA and requires a number of modifications. For the 
benefit of the reader we have included complete proofs of the results. Our proof is 
based on the following two observations: First, if A is a polynomial ring over the 
base ring Aq, then every graded resolution of M by finitely generated graded free A- 
modules provides a free resolution of the Ao-module M which is finitely generated 
on the homogeneous parts. The second is a result by Hochster and Roberts which 
states for the A-module M that there is an element a £ Aq — (0) so that M a is a 
free (Ao) a -module provided that the ring Aq is a domain. 

The paper is organized as follows: 

The first section contains basic facts about graded rings and modules which are 
relevant for the rest of the paper. As a main result we obtain that the Auslander- 
Buchsbaum formula holds for the Ao-module M. 

The second section shows that the codepth-loci of M are open in Spec(Ao). This 
is the main step in proving the openness of the (Sfc)-loci which we present in the 
next section. 

In Section 4 we consider the homogeneous parts of the graded module M. We 
show that the codepth-loci and (5fc)Toci of the homogeneous parts of M are even- 
tually stable. This is applied in the last section to the case of a finitely generated 
module M over an excellent Noetherian ring A. If I C A is an ideal we recover a 
well-known result by Kodiyalam 4 , namely that for k > fco : 

depth(M/7 fe M) = depth(Af// fc °M). 

We also show that if M is a Cohen-Macaulay module over A and if I C A is not 
contained in a minimal prime of M, then the codepth- and (Sfc)-loci of M/I n M 
are eventually stable. 

1. BASIC FACTS 

In this paper we assume that A = © igN Ai is a Noetherian homogeneous graded 
ring and that M = © ieZ Mj is a finitely generated A-module. As usual, we let A + 
denote the irrelevant ideal of A, that is, A + = Q) i>1 Ai. 

If p £ Spec(A ) is a prime ideal of A , then M p denotes the localization S _1 M 
where S — Aq \ p. Note that M p is a graded module over the graded ring A p . 

Our goal is to show that if A is excellent then the codepth-loci and the (Sfc)-loci 
of M, considered as a module over the base ring Aq, are open subsets of Spec(Ao). 

1.1. General remarks. We begin our investigation with some well known facts 
about graded modules. Since these results are frequently used throughout the paper 
we include them together with their (short) proofs in this introductory section. 

1.1.1. Lemma. There exists an integer t so that ann J 4 (M t ) = ann J 4 (Mfe) for all 
k>t. 

Proof. For all k £ Z set Jk = aimA {Mk) . Since A is homogeneous and M is a 
finitely generated A-module, there exists sq £ Z such that 

AiM k = Mfc+i for all k > t . 

We conclude Jk Q Jk+i f° r a ll k > tQ. Since Aq is Noetherian, there exists then 
s > to so that Jk = Jt for all k > s. □ 

1.1.2. Lemma. The following two functions are well-defined and surjective: 
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(1) The function ip: Supp^(M) — > Supp^ AM) defined by (f(P) = P fl Aq. 

(2) TTie function ip: Assa(M) -> Assa (M) de/meci 6y ^>(P) = P H A . 

Proof. (1) If P e Supp^(M), then Mp 7^ and in particular M p ^ 0, where 
p = P (~i Aq. This shows that tp is well defined. Let p 6 Supp^ (M), then 

M p =@(M i )p^0 

and we may consider M p as a graded module over the graded ring A p . Note that 
A p is a *local ring with unique graded maximal ideal m = p(Ao) p ®(^-+)p- Since 
all minimal primes of Supp^ (M p ) are graded, m £ Supp^ (Mp). Thus there is a 
prime P £ Supp A (M) with P n A Q = p. 

(2) If P £ Assa(M), then there exists y G M so that amu(y) = P. Thus 
ann Ao (y) = PnA = p and p G Ass J 4 (M). Conversely, let p £ Ass Ao (M). Consider 
again the graded A p -module M p . There exists z G M p so that ann^^ (z) = p(A ) p , 
and therefore 

p(A ) P C (J Q 

Since M p is a finitely generated A p -module, there exists Q G Ass A (M p ) with 
p(A))p £ Q. Since A p is *local with unique graded maximal ideal p(Aq) p © (^4-+)p 
we obtain Q n (A))p = p(^o)p an d a preimage P G Spec(A) of Q is an associated 
prime of the ^-module M, with P n Aq = p. □ 

Lemma 11.1.21 shows in particular that M as an Ao-module has a finite set of 
associated primes. 

1.1.3. Lemma. Let A and M be as above and set I = ann J 4 (M). For any p G 
Spec(Ao) the following hold: 

(1) If M p = 0, then there is an element a G Aq \ p with M a = 0. 

(2) ann (Ao)p (Mp) = 7(A )p 

Proof. (1) This is a basic fact about Noetherian modules using that M is a finitely 
generated module over A and Ao \ p is a multiplicative subset of A. 

(2) Obviously, I(A ) p C amiM j (M p ). Let a; G ann^) (Mp) with x = ~ where 
6 £ io and s £ A \ p. Assume that mi, ... , m r is a system of generators of the 
A- module M. Since = for all 1 < i < r there is an element t G ^4o \ P with 
ffrmj = for all 1 < i < r. We have that tb £ I and hence x = - £ J(Ao) p . □ 

1.2. The Auslander-Buchsbaum formula. Let A = Q) i>0 Ai be a graded Noe- 
therian homogeneous ring with (^4 > m o) local and let M = © ieZ M, be a finitely 
generated ^4-module. Since M is (in general) not finitely generated as an Aq- 
module, we need to verify that the classical definition of j4o _ depth works in the 
case of a finitely generated graded module. First note that an element z £ mo is 
regular on M if and only if z is regular on Mi for all i G Z with Mj 5^ 0. Let 
xi, . . . , x s G mo and j/i, . . . ,yt G mo be two maximal regular M-sequences (as an 
Ao-module). Then for all i G Z with Mj ^ the two sequences are regular on the 
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Ao-module M, and the sets 

Assa (M/(xi, ...,x s X\ , . . . , x s 

iez 

AssA (M/( yi , . . . , y t )M) = |J AsJU (Mj/(itt, . . . , y t )MA 

are finite by Lemma 1 1.1.21 The maximality of the first sequences yields that there 
is an i G Z with Mj =^ and mo G Ass Ao (Mj/(o:i, . . . ,x s )Mj), Since the second 
sequence is also regular on we have that t < s. A similar argument shows that 
s < t and we obtain that two maximal regular sequences on M have the same 
length. Therefore the classical definition of depth is efficient and we put: 

1.2.1. Definition. Let A and M be as above with (A ,mo) local. We define the 
depth of M as Ag-module to be the number: 

dcpth ylo (M) := sup{n 6 N | 3 an M-sequence of lenght n) . 

1.2.2. Lemma. Let A and M be as above and assume that (^4oj m o) * s local. Then: 

(1) dim Ao (M) = sup{dim j4o (M i ) | i G Z} 

(2) depth Ao (M) = inf {depths (Mi) | £ G Z with A/, ^ 0} 

(3) projdim Ao (M ) = sup{projdim Ao (Mi) | i £ Z} 

Proof. (1) By Lemma li .1.1 I there is an integer s G Z so that ann Ao (M^) = ann Ao (M s ) 
for all k > s. In particular, for all k > s: dim Ao (Affc) = dim^^M,) and 

dim Ao (M) = dinu (M r © M r _i © ... © M s _i © M s ) 

where r £ Z is the smallest integer j with Mj ^ 0. The dimension of a finite direct 
sum of A -modules is the maximum of the dimensions of its summands. 

(2) If n, . . . , r s G Ao is a regular sequence on M, then n, . . . , r s is a regular 
sequence on Mi for all £ G Z with M, ; ^ 0. Thus depth A (M) < depth A (Mj) for 
all £ G Z with Mi ^ and hence 

depth Ao (M) < inf{depth j4n (M 4 ) | £ G Z with Mj ^ 0} . 

In order to show the other inequality we proceed by induction on t = depth^ (M). 
Note that by Lemma [j. 1.31 Ass Ao (M) is a finite set. 

If t = then mo G Ass Ao (M) and there is an j G Z so that mo G Ass Ao (Mi). 
Thus: 

inf{dcpth Ao (M 4 ) | £ G Z with M, ^ 0} = . 
Now assume that £ = depth j4() (M) > 0. This implies that 

p£Ass Ao (M) 

Consider an element 

r G mo N (J p 

p6Ass Ao (Af) 

Since r is regular on M, and therefore is regular on Mi for all £ G Z with Mi ^ 0, 
we obtain 

depth j4o (M/rM) = depth Ao (M) - 1 
and for all £ G Z with Mj ^ 0: 

depth Ao (Mi/rMi) = depth Ao (Mj) - 1 . 
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By induction hypothesis: 

depth Ao (M/rM) = mi{dcpth Aa (M l /rM l ) i e Z and M,/rM l ^ 0} . 

The assertion follows. 

(3) For all i € Z let be a finite free resolution of Mi. Then 

iez 

is a free resolution of the j4o -mo dule M yielding: 

projdim Ao (Af) < sup{projdim Ao (Mi) | i S Z} . 

In order to show the other inequality, assume that projdim^ (M) = r and consider 
for all i G Z the rth-syzygy of M, and the exact sequence: 

— i. T, w — > F^\ — > ... — > F W — > Mi — ► . 
By taking direct sums we see that 

iez 

(i) 

is an rth-syzygy of M and thus projective. Therefore every T r is a projective 
finitely generated Ao-module. Since Aq is a local Noetherian ring every, If is a 
free /lo-module and thus for all i £ Z: 

projdim Ao (Mi) < r. 

This shows (3). □ 

1.2.3. Proposition. Let A and M oe as above with (A ,mo) a local ring. Then 
the Auslander-Buchsbaum formula holds for M as an A -module. That is, if 
projdim Ao (M) is finite, then: 

depth Ao (M) + projdim Ao (M) = depth(A ) . 

Proof. Let projdim Ao (M) = r < oo, then by Lemma ll.2.2f 2 % ) there is an i G Z with 
projdim^ AM) — projdim^ A Mi) and for all j £ Z: 

projdim^M,-) < r. 

The Auslander-Buchsbaum formula holds for finitely generated Ao-modules: 

depth j4o (Mj ) + projdim Ao (Mj ) = depth Ao (A ) for all j e Z 

and therefore: 

depth Ao (Mj )> depth Ao (Mi) for all jeZ 

Using Lemma H.2.2IT ). we conclude depth Aa (M) — depth Ao (Mj). The Auslander- 
Buchsbaum formula for Mi gives then the desired formula. □ 
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1.3. An example. If M is just any infinite sum of finitely generated modules over 
a Noetherian local ring, then Lemma H. 2^ 3*1 still holds (with the same proof), but 
Lemma ri.2.2f 2 s ) and Proposition 1 1 . 2 . 31 may fail. Here is an example: 

Let Aq — Q[x, y]( Xt y) and let {pijigN be an enumeration of the height one prime 
ideals of Aq. Put: 

M = @A /p i 

and set Mi = A /pi. Obviously for all i G N: 

de P th A o ( M = projdhn^Mi) = 1 . 

In particular, projdim^ (M) = 1. But depth Ao (M) = 0, since every non-unit 
r G Aq is contained in some prime pi, hence it is a zerodivisor on Mi and on M. 
This shows that the Auslander-Buchsbaum formula does not hold for M. (The 
key is that in the proof of Lemma fl. 2^ 2) we make use of the fact that the set of 
associated primes of M is finite, while in this example Assa (M) = Spec 1 (Ao) is 
infinite and UigNpi = (x,y), the maximal ideal of Aq.) 

2. Openness of the codepth locus 

Throughout this section we assume that A = @ ieN Ai is a graded Noetherian 
homogeneous ring and that M — © ieZ Mi is a finitely generated A-modulc. Our 
aim is to generalize and/or modify existing theorems for finitely generated modules 
over Noetherian rings to the graded case where the module M is considered a 
module over the base ring Aq. We begin with a result on the flat locus of the 
Ao-module M. 

2.1. The flat locus of M. Our first result is a modification of Theorem 24.3]. 
The proof follows the proof in Matsumura's book. A key observation is that for a 
finitely generated graded module M the localizations M p are /-adically separated 
for every ideal / C (A Q ) p . 

Proposition. Let A and M be as above. The flat locus of M as an A^-module: 

U°(M) = {p G Spec(Ao) | M p is flat over A } 
is open in Spec(Ao). 

Proof. According to Nagata's criterion on the openness of loci |SJ Theorem 23.2] 
we have to show: 

(a) If p, q S Spec(Ao) with p G U°(M) and q C p then q G U°(M). 

(b) If p G U a (M) then U°(M) contains a nonempty open subset of T^°(p) = {n£ 
Spec(A ) | p C n}. 

(a) is trivial. Let p G t/°(M), that is, assume that M p is flat over Aq. Set Aq = 
A /p. By Theorem 22.3] for every q G V°(p) the module M q is flat over A if 
and only if (M/pM) q is flat over Aq and Torf°(M q ,A ) — 0. A similar argument 
as in the proof of Theorem 23.2] shows that Tor^° (M, A ) is a finitely generated 
module over A. Therefore there is an element a G Aq \p so that (Torf (M,A )) a = 
0. By applying 5 , Theorem 24.1] to the ^o-module M/pM we obtain an element 
b G A Q \p so that (M/pM) b is a free (A )b-module. Set D° b = {q G Spec(A ) | ab 
q}, then for all q G F°(p)n£>° 6 we have that Torf°(M q , A ) = and that (A//pM) q 
is flat over (A )q. Thus by [SI Theorem 22.3] the module M q is flat over (A ) q and 
M q is flat over Aq. □ 
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2.2. A proposition by Auslander. As before let A be a Noetherian graded ho- 
mogeneous ring and let M be a finitely generated ^4-module. The following Propo- 
sition is an extension of a proposition in EGA 2, (6.11.1) and (6.11.2)] to the (not 
finitely generated) ^-module M. 

Proposition. The function 7 : Spec(Ao) — > N defined by 

7(P) = projdim (Ao)p (M p ) for all p e Spec(A ) 

is upper semicontinuous. That is, for all n £ N the set 

U°(M) = {pe Spec(A ) I projdim (Ao)p (Af p ) < n} 

is open in Spec(Aa). 

Proof. Note that the ring A is the homomorphic image of the polynomial ring B = 
A [xi, . . . ,x t ], and that, with the standard grading on the polynomial ring B, the 
graded B-module M is finitely generated. We may replace A by B and assume that 
A is a graded polynomial ring over A . Let p £ Spec(A ) with projdim^) (Mp) < 
n. 

Consider a graded finitely generated free resolution of the A-module M: 

where the Fi are finitely generated graded free A-modules and the (pi are homoge- 
neous A-linear maps. Let T be the nth syzygy of M, yielding an exact sequence of 
graded A-modules: 

(*) 0^T^F„_ 1 ^,...^F 1 ^Af^0. 

Since all the homogeneous parts of are free A -modules and since T is a graded 
A-module we obtain for all k £ Z an exact sequence of A -modules: 

-> T k > (F„_i) fe > . . . > (Fi)k > Mfe -> 

with (Fi)k a finitely generated free Ag-module. Therefore by considering (*) as an 
exact sequence of A -modules we obtain that every module F^ is free over A and 
T is an nth syzygy of the Ao-module M. Localization at p yields exact sequences: 

-> Tp — ► {F n -i)p > • • . ► {Fi)p > Mp -> . 

Since projdim( j4o - )p (Afp) < n it follows that T p is a projective (Ao)p-module. There- 
fore Tp is a free (j4o) p -module. Since T is a finitely generated graded ^-module it 
follows from Proposition 12 . II that the set 

U°(T) = {q£ Spec(Ao) \ T q is a flat over (A ) q } 

is an open subset of Spec(Ao). Since T is a finitely generated graded A-module: 

T = 0T, 

we have for q £ Spec(A ) 

2q=0(T i ) fl . 
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If T q is flat over (^4o) q then, by chapter 1, §2.3, Proposition 2], for all i e Z, 
(Tj) q is fiat over (Ao) q . Since every (Xi) q is a finitely generated (Ao)q-module, each 
(Ti) q is a free (Ao) q -module and 

U°{T) = {q G Spec (Ao) | T q is a free over (A ) q } . 

This shows that p G C/°(T) and 

C/°(T) C {q e Spec(A)) | projdim (ylo ^(M q ) < n} . 

The set {q G Spec(A ) | projdim^^ (M q ) < n} is thus open in Spec(A ). □ 

2.3. A dimension formula. 

Proposition. Let A and M be as above. Assume that A is catenary and let p 
be a prime ideal in Aq with p G Supp j 4 Q (M). Then there is an open subset U in 
Spec(^o) such that p G U and for all q G U n V°(p) we have: 

dim(M q ) = dim(Mp) + dim((A /p) q ) . 

Proof. Set S = A / ann^o (M) and choose an element a e S\p so that the following 
equality on the set of minimal primes holds: 

Min(5 p ) = Min(S a ) . 

Assume that dim(M p ) = ht(p5 f ) = t and choose elements y\,y%, ■ ■ ■ ,yt G S so that: 
j/i not in a minimal prime of S p 

yi not in a minimal prime of y\S p 

y t not in a minimal prime of (2/1, . . . , y t _i)Sp. 
Then there is an element b G S \ p so that: 

yi not in a minimal prime of St 

t/2 not in a minimal prime of y\Sb 

y t not in a minimal prime of (j/i, . . . , y t -i)Sb ■ 

Let a, 6 also denote preimages of a and 6 in and put U = D a b = {q 6 Spec(Ao) | 
ab q}. Then for every q G UC\ V°(p) the elements 2/1, • • • , 2/t extend to a system of 
parameters of S q . Since S v and S q have the same set of minimal primes and since 
S is catenary we obtain that: 

dim(5 q ) = dim(Sp) + dim((S/p) q ) . 

This is the same as: 



dim(M q ) = dim(Mp) + dim((A /p) q ) 



□ 
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2.4. The special case of Aq regular. Let (R, m) be a local Noetherian ring and 
M an i?-module. Then we define: 

codepth^(M) := dim fi (M) - depth i j(M) . 

As usual the depth of the zero module is defined to be oo, and the dimension of 
the zero module is — oo, implying that the codepth of the zero module is — oo. 

The following proposition extends a result by Auslander (6.11.2)] to the 
graded case. 

Proposition. Let A and M be as above and assume that Aq is a homomorphic 
image of a regular ring. The function tp: Spec(^4o) — ► N defined by 

ip(p) = codepth (j4o)p (Afp) for all p G Spec(A)) 

is upper semicontinuous, that is, for all netf, the set 

U° Cn {M) = {pe Spec(A ) | codepth (Ao)p (Mp) < n} 

is open in Spec(Ao). 

Proof. If Aq is a homomorphic image of a regular ring Rq, then the dimension and 
the depth of the i?o-module M are identical to the dimension and depth of M 
considered as an i?o _m odule. If we show that the set 

U% n (M) = {q e Spcc(i? ) | codepth (iIo)q (M q ) < n} 

is open in Spec(i?o) (where M is considered a i?o _nl odule), then the corresponding 
set for the Ao-module M is given by 

Ug n (M) = Uc n {M) n V(J) 

where Aq = Rq/ J. Thus we may assume that Aq is a regular ring. We may also 
assume that A is a polynomial ring over Aq equipped with the standard grading. 

Let p G Spec(Ao). By Proposition 11.2.31 the Auslander-Buchsbaum formula 
holds: 

depth (j4o)p (M p ) = depth((A ) p ) - projdim (A))p (M p ) . 

Let I = ann^4 (M). By Lemma 1 1.1 .31 I p — ann^) (Mp) and we have that: 

dim (A Q ) p (M p ) = dim((^ )p) ~ hi(I(A )p) . 

Suppose that p G Spec(Ao) is such that 

codepth (j4o)p (Mp) < n. 

If Mp = then p j6 I. Take an element a G I n (A \ p). Then for all 

q G D a = {ro G Spec(v4 ) I a £ to} 

we have that M q = and codepth^-^ (Af q ) = — oo < n. 

If A/p ^ pick an element a\ G Aq \ p so that (Aq) p and (Ao) ai have the same 
minimal primes and put U\ = D ai = {ro G Spec(^4o) I a i £ W}. Then for all 
qeE7inV (2): 

ht(J(A ) q ) >U(I(A ) P ). 
Let projdim^ o -) p (A/p) = t, then by Proposition 12 . 21 there is an open subset U2 in 
Spec(^o) so that 

projdim (Ao)q (M q ) < t for all q G U 2 ■ 
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Using the Auslander-Buchsbaum formula and the fact that Aq is regular we 
obtain for all q e U 2 n Ui n V°(I): 

codepth (Ao)fl (Af„) = dim (Ao)q (M q ) - depth (j4o)q (M q ) 

= dim((A ) q ) - ht(/(A ) q ) - dim((A ) q ) + projdim (j4o)q (M q ) 
= projdim (Ao)q (M q ) - ht(J(A ) q ). 
This implies that for all q e U = U\ n f/ 2 : 

codepth (Ao)q (M q ) < codepth (Ao)p (M p ) 
and it follows that Uq (M) is an open subset of Spec(-Ao). □ 

2.5. A local formula. Using the fact that a complete local Noetherian ring is 
the homomorphic image of a regular local ring, we obtain a result similar to 
(6.11.5)]: 

Lemma. Let A be a Noetherian graded homogeneous ring and let M be a finitely 
generated graded A-module. Then for all prime ideals p,q S Spec(A ) with p C q 
we have that: 

codepth (Ao)q (Af q ) > codepth (Ao)|) (Mp) . 

Proof. By replacing Aq by [Aq)^ (and A by A q ) we may assume that (Ao,mo) is a 
local ring. Then we have to show: 

codepth Ao (M) > codepth (j4o)p (M p ) . 

Let p € Spec(Ao) be a minimal prime ideal over pA . In particular, p fl^4o = P an d 
(j4 )p is flat over {A ) p with trivial special fiber. Moreover: 

M P ®(A o)p (4))p = (© ieZ W)t>) ®(A ) P (4))p 
= © ieZ ((Mi)p ®(A ) P (A)) 5 ) 
= i6 z(Mi)? 

where M, = Afj ®a A)- We have that: 

depth Ao (M) = inf {depths (MA \ M t ± 0} 
dim Ao (Af) = supidimAolMi) | i e 1} 
By Theorem 23.3], for all i G Z: 

de P th (A ) p (( A ^)p) = depth (Ao)p ((M I ) P )+depth((l ) P /p(^o) P ) 

= depth (Ao)p ((Af i )p) 

and by 5, Theorem 15.1]: 

dim (A„) s ((^)p) = dim (A ) p ((^) P )+dim((l ) 5 /p(^o) p ) 

= dim (A o ) p (( M 0p) 

Let 

M :=0M^M® io A 

iez 

and note that M is a finitely generated graded module over the Noetherian homo- 
geneous graded ring 

A:=A ®a A . 
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The computation above shows that 

codepth (j?o)f (M f ) = codepth (Ao))j (M p ) =: n . 

Since Aq is a homomorphic image of a regular local ring, by Proposition ^. 31 the 
set Uq _ t (M) is open in Spec(A ). This implies that 

codepth^ Q (M) > codepthj.^ (Mp) . 

The same argument as above shows that 

codepth^ (M) = codepth Ao (M) 

which proves the claim: 

codepth j4o (M) > code P th (j4o)p (M p ) . □ 

2.6. Formulas for depth and codepth. In this section we make the same as- 
sumption as at the beginning, namely, A is a positively graded Noetherian ho- 
mogeneous ring and M is a finitely generated graded A-module. The following 
proposition is the graded version of [21 (6.10.6)]: 

2.6.1. Proposition. Let A and M be as above and assume that A is excellent. 
Then for every p G Spec(Ao) there is an open subset U C Spec(Ao) with p G U 
so that for all q G U° D V°(p): 

dc P th (Ao), ( M q) = de P th (A ) p (M p ) + depth((A ) q /p(A ) q ) . 

Proof. Let p G Spec(A ), then by Lemma I2H for all q G V°(p): 

codepth (Ao)q (Mq) > codepth (Ao)p (M p ), 

or equivalently: 

(*) dim (Ao)q (M„) - depth (Ao)q (M q ) > dim (Xo)p (M p ) - dcpth (Ao)p (M p ) . 

According to Proposition ^. 31 there is an open subset U\ C Spec(Ao) with p G U\ 
so that for all q G U x n V°(p): 

dim (A ),(M q ) = dim (Ao)p (M p ) +dim((A /p) q ) . 

Since Aq is excellent, there is an open subset U 2 C Spec(Ao) so that p G U 2 and 
for all q G U 2 n V°{p) the local ring: 

(j4 /p) q is Cohen-Macaulay. 

There is also an open subset U3 C Spec(Ao) so that p G ^3 and for all q G 
t/3 fl V°(p) we have equality on the set of minimal primes: 

Mm (Ao3q (/(A ) q ) - Mm (Aoh (I(A ) p ) 

where / := arrnA (M) denotes the Ao-annihilator of M. In particular, for all 

qeu 3 nv°(p): 

ht(I(A \)=U(I(A ) p ). 
Put Ui = Ux n U 2 n U 3 , then for all q G U x n V°(p): 

dim (A ) q (M q ) = dim((A //) q ) and dim (Ao)p (M p ) = dim((A //)p). 
Since A is excellent, the ring Aq is universally catenary and for all q G U% fW°(p): 
dim((^ /I)q) - dim((A //)p) = dim((A /p) q ) = depth((A /p) q ) . 
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From (*) we obtain: 

dc P th (A ),W - dcpth (j4o)p (M p ) < depth((A /p) q ) 

for all q G U 1 nV°{p). 

In order to prove the other inequality: 

de P th (A„), (M q ) - depth (j4o)p (M p ) > depth((A /p) q ) 

assume that depth^) (M p ) = t and let fi, ■ ■ ■ , ft G p be such that fi, ■ ■ ■ , ft is 
a regular sequence on Mp. A prime avoidance argument shows that there is an 
element a e Aq \ p so that /i, . . . , ft is a regular sequence on M a . (The argument 
makes again use of the fact that the sets Assa (M) and Assa (M/(/i, . . . , fi)M) 
for all 1 < i < t are finite.) 
Put 

M :=M/{f u ..., f t )M 
and consider the associated graded module: 

gr p (M) = 0p*M/p' +1 M. 

The module M is finitely generated over A and gr p (M) is a finitely generated 
gr p (^4)-module. Also note that gt p {A) is a finitely generated algebra over A/pA 
and that A/pA is a finitely generated algebra over Ao/p. Thus gr p (A) is a finitely 
generated Ao/p-algebra. By |jj!J Theorem 24. f] there is an element & e A \ p so 
that the (^4o/p)b- m °dule: 

gr p (M) b =0(p l M/p l+1 M) b 

is free. Set U 2 = D b = {q e Spec(j4 ) I ^ ^ l} and fix a prime ideal q G t/ 2 H ^°(p). 
Assume that 

depth(( J 4 /p)) q = s 

and let g%, . . . , g s G q be such that gi, . . . ,g s is a regular sequence on (Ao/p) q . 
Claim 1. gi is a regular element on M q . 

CZaim 2. Set Ni := M q /gM q , then gr p (A^) S gr p (M q )/ 5 gr p (M q ). 

Assuming the claims, we finish the proof. From the second claim it follows 
that gr p (A^i) is a free (Ao/(gi, p)Ao) q -module. Since 172 is a regular element on 
(Ao/(gi,p)Ao) q , we may apply claims f and 2 to N±. Note that Ni is also a finitely 
generated graded An-module. This yields that g 2 is a regular element on N\ and 
that with N 2 =N 1 /g 2 Ni: 

gr p (N 2 )=gr p (N 1 )/g 2 gr p (N 1 ). 

An induction argument yields that gi , . . . , g s is a regular sequence on M q and we 
have that: 

de P th (A ), W > de P th (A o)p (M p ) + depth((^ /p) q . 

This inequality holds for all q G U 2 DV (p). Assuming the claims the proposition 
is now proved with U° = U% H U 2 . 

In order to prove the claims, set g = g\ and N = N±. 



OPEN LOCI 



13 



Proof of Claim 1. Let z G M q with gz = 0. Consider the image z of z in M q /pM q . 
Since M q /pM q is a free module over (A /p) q and since g is regular on (^4 /p)q we 
obtain that z = and z G pM q . Now consider the image of z in pM q /p 2 M q and 
repeat the argument. This yields 

oo 

z G f] P'M q . 

3=0 

Note that 

1, = ©^), with (Fi), =(Mi) q /(/i,...,/t)(Mi) q . 

iGZ 

In particular, 

p'M q = ®p'(M,) q 

and every (A#i) q is a finitely generated (A ) q -module. This shows that z = 0. 

Proof of Claim 2. By assumption, we have that gr p (M q ) is a free (j4o/p) q - module 
and p 3 M q /p 0+1 M q is a direct summand of gr p (M q ). Thus p j M q /p :i+1 M q is a free 
(Ao/p) q -module and g is regular on (Ao/p) q . Therefore: 

(**) pm q n ff M q = gfM q 

and thus: 

pw,/^*, = pm_ q /(pm q n g M q ) 

S pi(MjgM q ) 

From the commutative diagram: 

pJ' +1 7V p^'iV >- piN/pi +1 N 

J 1 _ 11 _ 

pi+i(M q / 5 M q ) — * pi(M q /gM q ) — p^(M q / 9 M q )/p^+ 1 (M q / g M q ) — 

_ ^ _ ^ _ _ J 

— pi+ 1 M q /gp i+1 M q — p'.\/ q /yp '.l/, pW q /( 5 pW q + p^ +1 M q ) 

we obtain that: 

g*p(N) = ® jeN P j N/p j+1 N_ 

= e jeN P J M q /(.9P J Mq+P J+1 M q ) 

= ® jeE iP 3 M q /p^M q )/g(pm q /p^M q ) 

= gr p (M q )/ 5 (gr(M q ). 

This proves the claim, and finishes the proof. □ 

Similarly to [21 (6.11.8.1)] we have in the graded case: 

2.6.2. Corollary. Let A and M be as above and assume that A is excellent. Then 
for every p G Spec(Ao) there is an open subset U C Spec(Ao) with p G U° so that 
for all q G [/° HV^.- 
codepth^^ (M q ) = codcpth (Ao)p (M p ) + codepth((A ) q /p(A ) q ) . 
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Proof. Let p £ Spec(Ao) and J7° be as in Proposition 12.6. II so that p 6 ff and for 
all q G U?nV°{p): 

de P th (A ),(^q) =depth (Ao)p (Af p )+depth(( J 4 ) q /p(A ) q ). 

By Proposition 12.31 there is an open subset U® in Spec(Ao) so that p £ [/ 2 ° and 
for all q G U$nV°(p): 

dim (A ) q {M q ) = dim (j4o)p (Af p ) + dim((A /p) q ) . 

Thus with C/° = U$ n C/f we have that p £ U° and for all q £ U° n 7°(jj): 

codepth (j4o)q (M,) = codepth (Ao)t> (M p ) + codepth((A ) q /p(A ) q ) . □ 

We are now ready to prove the graded version of (6.11. 2)(a)]: 

2.6.3. Theorem. Let A = © ieN Ai be an excellent graded homogeneous ring and 
M = © ieZ Mi be a finitely generated graded A-module. Then for all n £N the set 

UcjM) ={p£ Spec(A ) | codepth (Ao)p (M p ) < n} 

is open in Spec(Ao). 

Proof. According to Nagata's criterion on openness of loci (see Theorem 24.2]) 
we need to show: 

(a) If p,q G Spec(Ao) with q C p and p G U^JM) then q G U% n (M). 

(b) If p £ Uq (M) then U^ n {M) contains a nonempty open subset of V(p). 

(a) Let p, q G Spec(A ) with qCp. By Lemma l2~Kl 

codepth (Ao)p (M p ) > codepth (j4o)ci (M q ) 

and thus p £ U^JM) implies that q G U% n (M). 

(b) Let p £ U% n (M). By Corollarv ETO there is an open subset f/f in Spec(A ) 
so that p G [/? and for all q £ £7° n V°(p): 

codepth (j4o)ii (M„) = codepth (Ao)p (M p ) + codepth((A ) q /p(A ) q ) . 

Since A and A are excellent, there is an open subset in Spec(A ) so that peC/ 2 ° 
and for all q G U$ n V°(p) the ring (A /p) q is Cohen-Macaulay. Therefore with 
U° = n C/ 2 ° we have that p £ U° and for all q G U° n V°(p): 

codepth (Ao)q (M q ) = codepth (A))p (M p ) . 
This implies that U° n F°(p) C f7g n (M) and tnc Theorem is proved. □ 

2.6 A. Corollary. Let A and M be as in Theorem \2.tS.?\ Then the Cohen-Macaulay 
locus of the Ao-module M : 

u cm( m ) = u c ( M ) = {P e Spec(Ao) | M p is a CM module over (A ) p } 
is open in Spec(ylo). □ 



OPEN LOCI 



15 



3. Openness of the (S n )-Locus 

Throughout this section we assume that R = Aq is the base ring of a graded 
Noetherian homogeneous ring A — (J) i>0 Ai and M is a finitely generated graded A- 
module. This includes the case of a finitely generated module M over a Noetherian 
ring R. For those modules we prove that the openness of the C n -loci of M implies 
the openness of the (Sfc)-loci of M. The argument is due to Grothendieck (5.7.2) 
and (6.11.2)(b)] but we include it here for the convenience of the reader. The proof 
also shows that the (S^-loci of M only depend on the C n -loci of M and on the 
annihilator of M, so that two i?-modules M and N with the same annihilators and 
C ra -loci have identical (Sfc)-loci. 

Let M be an R- module and suppose that for all n £ No the set: 

U Cn (M) = {p£ Spcc(i?) | codepth^ (Mp) < n} 
is open in Spec(i?). Define: 

Z„ = V(b n ) = Spec(R) \ U Cn (M) 
where b n C R is a reduced ideal. Obviously, for all n £ N: 

U Cn (M)CU Cn+1 (M) 

and therefore: 

Z n+ i C Z„ and b„ C b„ +1 . 
Since R is Noetherian there is an m £ N so that for all t £ N: 

Pm = &m+t and Z m — Z m+t ■ 

3.1. Lemma. Let m £N be as above. Then Z m = 0. 

Proof. If p G Z m then p G Z m +t for all t£N. By definition of Z n +t'- 

codepth (fl:)p (M p ) > m + t for all < G N . 
But codepthjj^ (M p ) < dim((i?) p ) < oo and therefore Z m = 0. □ 

Recall that the i?-module M satisfies Serre's condition (Sk) if for all p G Spec(i?): 
(*) depth^ (A/ p ) > min(dim(Mp), k). 
From now on let m denote the minimal m £ N with Z m = 0. 

3.2. Lemma. With the assumptions as above put R = R/ ann^(M) and let k G N. 
Then the R-module M satisfies (Sk) if and only if for all < n < m: 

ht(b n R) > n + k. 

Proof. Suppose that M satisfies (Sk) and fix an integer n with < n < m. Let 
p G Spec(i?) with b n C p. Then p G Z n and therefore: 

codepth^ (M p ) > n 

or equivalently: 

dim Rf (Mp) - depth flp (M p ) > n . 
Since M satisfies (Sk) we obtain that whenever 

dim Rp (M p )- depths (Mp)^O 

then 

depth fl (Mp) > k. 
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Thus, if p G Z n then 

dha Rp (M p ) >n + k 

which implies that ht(b„i?) > n + k. 

Conversely, fix an integer k and assume that for all < n < m: 

ht(b n R) >n + k. 

Let p G Spec(i?). 

If M p = then depth^ (M p ) = oo and condition (*) is satisfied. 

Now assume M p 0. If M p is a Cohen-Macaulay i?-module, then condition (*) 
is satisfied. Now assume that: 

codepthfj (M p ) > 

and let n £ No with 

codepth^ (M p ) = n + 1 . 
Thus p G Z n and b n C p. By assumption 

ht(b n R) > n + k => ht(b„i? p ) > n + k => dim(R p ) > n + k. 
This implies that 

codepthp (M p ) = n + 1 

= dimfRp) - depths (M p ) 
> n+l + k- depth flp (M p ) 

and therefore 

depths (Mp) > k . 

Thus Mp satisfies condition (*) and the R- module M satisfies Serre's condition 
(S k ). ' □ 

For all < n < m consider the closed subset of Spec(i?): 

Yn.u = {q G V(b n ) | ht(b„l q ) < n + k} , 

and its complement 

V n ,k = Spec(i?) - Y n>k , 
an open subset of Spec(i?). By Lemma \'S. 21 

0<n<m 

is an open subset of Spec(i?). We have shown: 

3.3. Theorem. Let M be an R-module as above. If for all n £ No the C n -locus 
Uc n (M) is open in Spec(i?) then for all k G N the (Sk)-locus: 

U Sk (M) = {P£ Spec(i?) | Mp satisfies (S k )} 

is open in Spec(i?). 

In the graded case the theorem states: 

3.4. Corollary. Let A = © iGN Ai be an excellent graded homogeneous ring and let 
M = Mi be a finitely generated graded A-module. Then for all k £ N the set 

U° Sk {M) = {p G Spec(Ao) | the (A ) p -module M p satisfies (S k )} 

is open in Spec(Ao). 
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The proof of the theorem also yields the following corollary: 

3.5. Corollary. Suppose that M and N are R-modules as above. Assume that 
annn(M) — annn(N) and that for all n G No the sets Uc n (M) = Uc n {N) are open 
in Spec(i?). Then for all k G N: 

U Sk (M) = U Sk (N) 

and the (S k )-loci are open subsets ofSpec(R). 

4. Stability on the homogeneous parts 

Let A = (J) ieN Ai be an excellent graded homogeneous Noetherian ring and let 
M = ® ieZ Mi be a finitely generated graded A-module. In this section we prove 
that there is a k G N so that for all n G N and all i > k: 

U° Cn {M i ) = U° Cn {M k ) and U° Sn {Mi) = U° s JM k ), 

that is, the codepth and (S n ) loci of the homogeneous parts of M are eventually 
stable (considered as an A -module). As before we define for all t e Z: 

N t = 0Mi, 

i>t 

and observe the following simple facts: Let k\ G N be an integer so that for all 
t>k\: ann J 4 (M t ) = ann J 4 (Mfe 1 ). Then for all t>k\\ 

U° Cn {N t )^U° Cn {N kl ) and U° s jN t ) D U° s jN kl ) . 
Since A is Noetherian there is an integer k 2 € Z so that fc 2 > k\ and 

U° Cn (N t ) = U° Cn (N k2 ) and U° Sn (N t ) = U° Sn (N k2 ) . 
We may also assume for large enough /c 2 that: 

N k2 = AM k2 , 

which implies that for all t > k 2 : 

N t — AM t . 

4.1. Lemma. With the assumptions as above assume additionally that (j4o,Ttto) is 
a local ring. Then there is a k^ G Z so that for all t > k% : 

depths (M t ) = dcpth Ao (M fe3 ) = depths (AT fe3 ) . 

Proof. Let k\ and ki be as above and take an integer k with k > k 2 . Then 
codepth^ (7Vfc) = n for some n E N and therefore: 

moGUg B (JV fc ) and m ^ U&^Nk) . 

Since fc > fc 2 we have for alH > fc: 

codepth Af) (A r fe ) = n = codepth Ao (iVt) . 

For all t > ki we also have that amtA (iV t ) = ann,4 (A/fc), and therefore for all 
t > k: 

dcpth Ao (iV t ) = s = dcpth Ao (A/ fe ) . 
Let n , . . . , r s be a maximal regular sequence on N k and put 
N k = N k /(n, . . . , r s )N k with homogeneous parts Mi — Mi/(n, . . . , r s )Mi 
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for i > k. Note that the torsion submodule TA + (N k ) is a finitely generated A- 
submodule of N k . This implies that there is an integer k^ > k so that T A+ {N k ) H 
Nk 3 — = TA + (Nk 3 ). Thus for fc 3 large enough the A-module N k3 is A + -torsion 
free. Since by assumption depth Ao (Nk) = s = depth Aq ( iVfc 3 ) there is an integer 
i > k3 and an element x € Mi so that x ^ and trioi = 0. Since Nk 3 is A + -torsion 
free we obtain: 

(A + ) l x^0 for all ZeN. 

Thus for ^4 = i > k$ we have that depth j4o (Mfe 4+ ;) = for all I £ No and therefore 
for all t > k^. 

depth^ (M t ) = depth Ao (M fc4 ) = s □ 

Choose an integer fco <E Z so that the following conditions are satisfied: 

(a) N ko = AMk , that is, N ko is generated in the lowest nonvanishing degree. 

(b) For all t > k : ann(M fco ) = ann(M t ). 

(c) For all «eN and all t > k : 

U% n (N t )=U° n (N ko ) and U° Sn (N t ) = U a Sn (N ko ) . 

As before put: 

Z n = Spec(A ) \ U% n {N ko ) = V{K) 

where b„ C Aq is a reduced ideal. Then b„ C b n +i yielding an increasing sequence 
of ideals: 

b C bi C . . . C b m -i C . . . 

We have seen before that the sequence stops with some b m = Aq and let m be 
minimal with this property, that is, let b m = Aq and b m _i ^ Aq. For all < j < 
m — 1 we consider the set of minimal prime divisors of bj : 

Mm(A /b j )={p jl ,...,p jrj }. 

By Lemma f4. II for all < j < m — 1 and all rj > h > 1 there is an integer kjh € N 
with fcjft > fco so that for all i > fe^: 

depth (Ao)p . h ((M i ) p . Jl = depth (Ao)p ^ ((M fejh ) p . h = constant . 

Let A; = max{kjh | < j < m — 1;1 < h < rj}, then for all i > k: 

depth (Ao)pj(j ((Mi) p . h ) = depth (Af))pjh ((M fe )„.J = depth (Ao) ^ ((N k ) Pjh ) . 

By assumption on the annihilators we also have for all i > k: 

dim {Aohjh ((Mi) Pjh ) = dim {Aohjh ((M k ) Pih ) = dim (Ao)f . h ((N k ) Pjh ) 
which implies that for all i > k and all primes pjh- 

codepth (Ao)p ^ ((Mi) Pjh ) = codepth (j4o)p ^ ((M k ) Pjh ) = codepth (Ao)p ^ ((N k ) Pjh ) . 
We are now ready to prove: 

4.2. Theorem. Let k be as above. Then for all i > k and all p £ Spec(Ao).' 
codepth (Ao)p ((Mi) p ) = codepth (Ao)p ((M k ) p ) . 
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Proof. Let p £ Spec(Ao). If bo % p then (Nk)p is a Cohen-Macaulay module 
over(Ao) p it follows that (Mi) p is Cohen-Macaulay for all i > k. 

Assume that bo Q p and let g be minimal so that b g C p and b g +i % p. In this 
case codepth^) ((Nk)p) = g+ 1 and there is an integer 1 < j < rj so that p g j C p. 
By |2 (6.11.5)], the nongraded version of Lemma \l. 51 for all i > k: 

codepth (Ao)p ((M l ) P ) > codepth (Ao)ps .((Mi)j, 3:f ) = depth (Ao)))g _. ((N k ) Pgj ) > g. 

In order to verify the other inequality consider 

codepth (Ao)p ((iV fc )p) = .g + 1 = dim((A fc ) P ) - depth (Ao)p ((N k ) p ) 

and assume that depthv^ ) ((-ZVfc)p) = s. Let x\, ...,x s be a regular sequence on 
(iVfe)p, then xi, . . . ,x s is a regular sequence on (Afj)p for all i > k. Since iV^ and 
Mi have the same annihilators we obtain that: 

codepth (Ao)p {(N k )p) =g + l> codcpth (Ao)p ((M,) p ) 

for all z > k. This shows that for all i > k: 

codepth (Ao)p ((Mi) p ) = .9 + 1 . □ 

4.3. Corollary. There is an integer k £ N so that for all i > k and all n G N: 

U% n {Mi ) = U% n (M k ) = U% n (N k ). □ 

4.4. Corollary. There is an integer k £ N so that for all i > k and all n £ N: 

U° Sn (M i ) = Ul n (M k ) = Ul n (N k ), 
Proof. The second corollary follows from the first by using Corollary 13. 51 □ 

5. Applications 

Let A be an excellent ring, M a finitely generated yl-module, and let I C A 
be an ideal of A. By applying the results of the previous section to the Rees 
algebra/module and to the associated graded ring/module, respectively, we see 
that there is an integer k £ N so that for all i > k and all n £ N: 

U Cn (PM) = U Cn (I k M) and U Cn (PM/P +1 M) = U c „ (I k M/I k+1 M) 

Us n (PM) = U Sn {I k M) and Us^PM/P^M) = U Sn (I k M/I k+1 M) 

In the following we want to apply these results to the (S n )- and codepth-loci of 
the modules M/I k M . We want to show that these loci are again eventually stable 
provided that M is a Cohen-Macaulay module over A. 

5.1. Lemma. Let A be any Noetherian ring, I C A an ideal, and M a finitely 
generated A-module. Then for all k £ N: 

Supp(M/7 fe M) = Supp(M//M) . 

Proof. It suffices to show that for all k £ N: 

Supp(M/J fc M) = Supp(M// fe+1 M) . 

Since M/I k M is a homomorphic image of M/I k+1 M we have Supp(M/I k M) C 
Supp(M// fc+1 M). Consider the exact sequence: 

-> I k M/I k+1 M -> M/I k+1 M -> M/I k M 
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and let p £ Spec(A) with I C p. The sequence stays exact after localization: 

-» (I k M/I k+1 M) p -> (M/I k+1 M) p -> (M/I k M) p ->-0. 
If (M/I k M) p = with (M/I k+1 M) p ^ 0, then 

(I k M/I k+1 M) p = (M/I k+1 M) p , 
which implies by Nakayama that (M/ I k+1 M) p = 0, a contradiction. □ 

A more general version of the next result was proved, using different methods, 
by Kodiyalam Corollary 9]. 

5.2. Theorem. Suppose that {A, m) is a Zoca/ Noetherian ring, I <Z A an ideal of 
A, and let M be a finitely generated A-module. Then there is a k £ N so that for 
all i > k: 

depths (M/PM) = depths (M/I k M) . 

Proof. Let A be the m-adic completion of A. Then for any finitely generated 
A-module T: 

depths (T) = depth^T ®a A) 

and we may replace A by A and M by M ®a A and assume that A is excellent. By 
Lemma f4. II there is a k\ £ N so that for all t>k\: 

depth A (PM/P +1 M) = dcpth A (I kl M/I kl+1 M) = g. 

For all t > k\ consider the exact sequence: 

-> PM/P +l M -> M/I t+1 M -> M/PM -> 

which leads to an exact sequence on the cohomology modules: 

► H l m (M/P +1 M) -> H^(M/PM) ^ ► -> • • ■ 

> H^ 1 (M/P +1 M) -> HS-^M/PM) -> Hl{PM/P +1 M) -> 

-> H^(M/P +1 M) -> Hg(M/PM) -> ■ ■ ■ 

where g is minimal with Hi(PM/P +1 M) ^ 0. 

case J; There is an z < 3 - 1 and a ( > fci so that H i m [M/P°M) ± 0. Then 
for all t > to H^(M / P M) ^ 0. Let /i < 5 — 1 be the minimal ? with this property, 
then 

depth A (M/PM) = h for all i > i . 

case For all z < g — 1 and all t > fci : 

Hi{M/PM) = 0. 

This implies that depth A (M/7*M) > 5 - 1 for all f > fa. 
case U. i: There are infinitely many i > fa so that 

H^ 1 (M / P M) ^0. 

From the long exact sequence we observe that H^~ 1 (M/PM) ^ implies that 
H&~ 1 (M/P- 1 M) whenever t — 1 > fc x . Thus in this case there is a ti > fa so 
that for all t > t\: 

h^- 1 (m/Pm)^o, 

and therefore for all t > t\: depth j4 (Af/7* M) = g - 1. 
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case 2.2: There is a t 2 > ki so that for all t > t 2 : H& l (M/PM) = 0. Then for 
all t > t 2 : 

depth A (M/PM)=g. □ 

5.3. Theorem. Let A be an excellent ring and M a finitely generated Cohen- 
Macaulay A-module. Let I C A be an ideal of A which is not contained in any 
minimal prime ideal of M . Then there is an integer k G N so that for allt>k and 
all n £ N : 

(1) U C „(M/PM) = U c „(M/I ko M). 

(2) U Sn (M/PM) = U Sn (M/I k °M). 

Proof. (1) Fix n E N and let k E N so that for all t > k: 

U Cn {PM) = U Cn (L k M). 
We claim that for alH > k and all p E V(I): 

dcpth Ap ((M/PM) p ) = depth Ap ((M/L k M) v ) . 

Obviously, for all i > k: dim((/ , M) p ) = dim((/ fc M) p ) and thus because of the 
stability of the codepth-loci we have for all p E V(I) and all i > k that: 

depth Ap {{PM) V ) = depth^ ((I k M) p ) . 

Fix an integer i > k and a prime ideal p E V(I) and consider the exact sequence: 

-> (PM) p -> M p -> (M/PM) p -> . 

With d = dim^p (Mp) = depth A (Mp) we obtain a long exact sequence of the local 
cohomology modules: 

— ► o -» h;- 1 ((m/pm) p ) h;((pm) p ) -» o ^ — > o ^ 

-» H d p - 1 ((M/PM)p) -> H*((PM)p) -> ^(M„) -> = H d p ((M/PM)p) 

where H p i ((M/PM) p ) = since dim Ap ((M/PM) P ) <d-l. This shows that 

depth Ap ((Af// l Af) p ) = depth Ap ((/ 2 M) p ) - 1 - depth^ ((/ fc Af) p ) - 1 

and the claim is proven. For alH > k and all p E V(I) we have: 

depth Ap ((M// l M) p ) - dcpth Ap ((Af// fe M) p ) 

dim((M/PM)p) = dim((M/L k M) p ) . 

The last equation is obtained from Lemma 1^.11 This yields that for all n E N and 
for all i > k: 

U Cn (M/PM) = U Cn (M/I k M) . 
The second assumption follows with Corollary 13. 51 □ 

5.4. Corollary. Let A, M , and L be as in the theorem and assume that LM ^= M . 
Then there is an element a E A so that for all k E N: 

(1) (M/I k M) a ? 0. 

(2) (M/I k M) a is a Cohen- Macaulay module. □ 

5.5. Corollary. Let A be an excellent ring and M a finitely generated A-module. 
Suppose that the ideal L C A satisfies the following conditions: 

(i) L is not contained in a minimal prime of M . 
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(ii) If a C A is the defining ideal of the non-Cohen-Macaulay locus of M then 

a £ y/(IM : M). 
Then there is an element a e A so that for all k e N: 

(1) (M/I k M) a ^0. 

(2) (M/I k M) a is a Cohen- Macaulay module. 

Proof. Choose an element b e o \ \J (IM : M). In order to prove the assertion 
apply the previous corollary to the Cohen-Macaulay Af,-module Mb. □ 
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